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D EDICATION
to my friend and colleague David MacKay:
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I’m a NIPS old-timer, apparently...
...so now I give talks about history.
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BACK IN THE 1980 S
There was a huge wave of excitement when Boltzmann
machines were published in 1985, the backprop paper came out
in 1986, and the PDP volumes appeared in 1987.

This field also used to be called Connectionism and NIPS was
its main conference (launched in 1987).
Zoubin Ghahramani
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W HAT IS A NEURAL NETWORK ?
y
outputs
weights
hidden
units
weights
inputs

x

Neural network is a parameterized function
Data: D = {(x(n) , y(n) )}Nn=1 = (X, y)
Parameters θ are weights of neural net.
Feedforward neural nets model p(y(n) |x(n) , θ)
as a nonlinear function of θ and x, e.g.:
X (n)
p(y(n) = 1|x(n) , θ) = σ(
θi x i )
i

Multilayer / deep neural networks model the overall function as a
composition of functions (layers), e.g.:
X (2) X (1) (n)
θj σ(
θji xi ) + (n)
y(n) =
j

i

Usually trained to maximise likelihood (or penalised likelihood) using
variants of stochastic gradient descent (SGD) optimisation.
Zoubin Ghahramani
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D EEP L EARNING

Deep learning systems are neural network models similar to
those popular in the ’80s and ’90s, with:
I

some architectural and algorithmic innovations (e.g. many
layers, ReLUs, better initialisation and learning rates, dropout,
LSTMs, ...)

I

vastly larger data sets (web-scale)

I

vastly larger-scale compute resources (GPU, cloud)

I

much better software tools (Theano, Torch, TensorFlow)

I

vastly increased industry investment and media hype

Zoubin Ghahramani
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L IMITATIONS OF DEEP LEARNING
Neural networks and deep learning systems give amazing
performance on many benchmark tasks, but they are generally:
I very data hungry (e.g. often millions of examples)
I very compute-intensive to train and deploy (cloud GPU
resources)
I poor at representing uncertainty
I easily fooled by adversarial examples
I finicky to optimise: non-convex + choice of architecture,
learning procedure, initialisation, etc, require expert
knowledge and experimentation
I uninterpretable black-boxes, lacking in trasparency,
difficult to trust
Zoubin Ghahramani
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W HAT DO I MEAN BY BEING BAYESIAN ?

Dealing with all sources of parameter uncertainty
Also potentially dealing with structure uncertainty
y
outputs

Feedforward neural nets model p(y(n) |x(n) , θ)
Parameters θ are weights of neural net.

weights

Structure is the choice of architecture,
number of hidden units and layers, choice of
activation functions, etc.

hidden
units
weights
inputs

x
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BAYES RULE

P(hypothesis|data) =

I

I

P(hypothesis)P(data|hypothesis)
P
h P(h)P(data|h)

Bayes rule tells us how to do inference
about hypotheses (uncertain quantities)
from data (measured quantities).
Learning and prediction can be seen as
forms of inference.
Reverend Thomas Bayes (1702-1761)

Zoubin Ghahramani
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O NE SLIDE ON BAYESIAN MACHINE LEARNING
Everything follows from two simple rules:
P
Sum rule:
P(x) = y P(x, y)
Product rule: P(x, y) = P(x)P(y|x)
Learning:
P(θ|D, m) =

P(D|θ, m)P(θ|m)
P(D|m)

P(D|θ, m)
P(θ|m)
P(θ|D, m)

likelihood of parameters θ in model m
prior probability of θ
posterior of θ given data D

Prediction:
Z
P(x|D, m) =
P(x|θ, D, m)P(θ|D, m)dθ
Model Comparison:
P(m|D) =
Zoubin Ghahramani

P(D|m)P(m)
P(D)
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W HY SHOULD WE CARE ?
Calibrated model and prediction uncertainty: getting
systems that know when they don’t know.
Automatic model complexity control and structure learning
(Bayesian Occam’s Razor)

Figure from Yarin Gal’s thesis “Uncertainty in Deep Learning” (2016)

Zoubin Ghahramani
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A NOTE ON M ODELS VS A LGORITHMS
In early NIPS there was an "Algorithms and Architectures" track
Models:
convnets
LDA
RNNs
HMMs
Boltzmann machines
State-space models
Gaussian processes

Algorithms
Stochastic Gradient Descent
Conjugate-gradients
MCMC
Variational Bayes and SVI
SGLD
Belief propagation, EP
...

There are algorithms that target finding a parameter optimum, θ∗ and
algorithms that target inferring the posterior p(θ|D)
Often these are not so different
Let’s be clear: “Bayesian” belongs in the Algorithms category, not
the Models category. Any well defined model can be treated in a
Bayesian manner.
Zoubin Ghahramani
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BAYESIAN N EURAL NETWORKS
y
outputs

Bayesian neural network

weights

Data: D = {(x(n) , y(n) )}Nn=1 = (X, y)

hidden
units

Parameters θ are weights of neural net

weights
inputs

x

prior

p(θ|α)

p(θ|α, D) ∝ p(y|X, θ)p(θ|α)
R
prediction p(y0 |D, x0 , α) = p(y0 |x0 , θ)p(θ|D, α) dθ

posterior

Zoubin Ghahramani
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E ARLY H ISTORY OF BAYESIAN N EURAL N ETWOKS
904

Denker, Schwartz, Wittn er, Solla, Howard, Jackel, and Hopfield

We remind th e read er that one is not allowed to sea rch W spa ce to find
th e "correct" rule extract ing network. That ca nnot be done without using
data from the testing set X I which defeats t he purpose, by definition. That
would be like betting on t he winning ho rse after th e face is over . We are
only allowed to play th e prohabilities in W space.

14 .2

Complex System s 1 (1987) 877-9 22

Large Automatic Learning, Rule Extraction, and
Generalization
John Denker
D aniel Schwartz
Ben W ittner
Sara Solla

Rich a rd Howard
Lawrence Jacke l
AT& T Bell Laboratories. Holmd el, NJ 07733, USA

John Hopfield
AT&T Bell Laborato ries, Murray Hill, NJ 07974, USA
and

California Insti tute of Tech nology, Pasadena, CA 91125 , USA

Derivation

Th e task of choosing a probability distribution in W space is a bit tri cky. Th e
choice depends on j ust wha t method is used for "lea rning" , i.e. for searching
W space. Fort unately, th e exact form of t he distribut ion is not important for
our argument. You cou ld, for ins tance, use a probability den sity proportional
to elWl/w, for some "radius'! w. We will for most purposes use a distribut ion
th at is uniform inside a hypercubical volume (won a side) and zero elsewhere.
We choose w to be big enough to enclose reasonable weight values, but not
too much higger than that.
We can map weigh t space on to function s pace as follows: for ea ch co nfigur at ion of weights, W , build a network with t hose weights. Present it all
possibl e binary inp uts. Ob serv e th e corres ponding outputs, and convert to
binary. This mapping associates a definite t ruth table , i.e. a defin it e Boolean
functi on , with each point in W space. To say it th e other way, t he inverse
image of a function is a region in weight s pace.
By integrating over weight space, we can ass ign a probability Pi to ea ch
functi on. If w is large enoug h, and if t here are enough hidden uni t s (H ex 2N ) ,
the re will be non -zero probability ass igned to every function , acco rding to
th e discussion in section 5. On the other hand , we a re par ti cular ly interested
in t he case where th ere a re ver y few hidden un its , perhaps H ex N 2 or N 3 •
In th at case, we expect many functions to have zero proba bility.
It is int eresting to consider the quantity we ca ll t he "funct iona l ent ropy",
na mely

p. 904 hints at Bayesian integration over network parameters
Abst ract. Since an tiquity, man has dreamed of building a de vice
that would "learn from examples" 1 "form ge neralizations", and "dis-

cover t he rules" behin d patt ern s in t he data. Recent work has shown
t hat a high ly connect ed , layered net wor k of simple an alog pr o cessing
element s can be astonishingly successful at this, in some cases . In

I

John Denker, Daniel Schwartz, Ben
Wittner, Sara Solla, Richard (14.1)
S = L - P;log Pi
Howard, Lawrence Jackel, and John Hopfield. Large automatic
where F is the set of a ll functi on s. All logarit hms in t his paper ar e base 2, so
ropy is measured in bits. Complex
It has its maximalSystems,
value when a U fun ctions are
learning, rule extraction, and ent
generalization.
IT some fun ctions are less likely t ha n
equally likely, in which case S = 2
ot hers (or ru led out completely), t he value of 8 is reduced.
1(5):877-922, 1987.
We define 8 to be th e initial value of 8 , measured before any training

ord er to be pr ecise about what has been o bser ved, we give defini t ions
of mem orization, generalization , and rule ex traction.
T he most im portant part of t his paper proposes a way t o measure
th e ent ropy or information content of a learni ng task a nd t he effi ciency
wit h which a network ex t racts infor mat ion from the dat a.
We also a rg ue that th e way in which th e ne tworks ca n compactly
represent a wid e class o f Boolean (an d othe r) functi ons is analogou s
to t he way in which pol y nomials or other famili es of functio ns ca n be
"c urve fit" to gene ral data; s pecifically, they ex tend t he dom ain , a nd
averag e noi sy da t a.. Alas , findi ng a suitable rep rese ntation is ge nerall y an ill-po sed and ill-cond itio ned pr obl em . E ven whe n the problem
has bee n " reg ularized", what rem ain s is a difficult combinatoria l opt imizatio n problem.
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and 8=1/(2&),

;(p)=g,

while

e=&,all

independent of

by the factor exp(-e(x,+l

1 a))

and renormalizing the

distribution, i.e.
Thus the average prediction error for the point x is bounded by
its average pre- and post-training errors, up to a constant. The
sum over the pre-training errors, during the training process

E ARLY H ISTORY OF BAYESIAN N EURAL N ETWOKS
the network w.

since p(") ( 0 )is the probability of the network w after training
2.2 on
The
distribution
m samples,
while p ( x I w ) is the probability that this
the Gibbs

1 E<c(x,)>p"l)
T
1
-1
2 -E-logp(')(x)z,

network
agrees with
the newthe
pairsample
x.
We henceforth
consider
input-output pairs to be

random samples from the distribution P(s). When the network
To measure the generalization ability we must correctly predict a
configuration, a,is given we can assign the likelihood (3) that
,
according to
large sample of independent points, x ( ~ )distributed
these samples, x("'), are related through the network o, i.e.
p. Good generalization ability i s then measured by the value of
xi EINet( o),as

T I

t=l

P

(21)

by bound
training
reduce
the accessible
in
isThus
an upper
on thewe
desired
generalization
score, and volume
can be
configuration
space,
or equivalently,
the "ensemble
used
as a practical
generalization
ability increase
test. By exchanging
the fiee
averaging
over the network
ensemblewith
withthe
the training
summation
energy" -1ogQ'"'
monotonically
sizeover
m. Note

Naftali Tishby, Esther Levin, andthethatSara
Aparameter
Solla.
Consistent
training
we get inanthe
effective
bound,distribution,
e''), on thep@)(o),
post-training
the onlyset,
generalization
score from
trainingtraining
samples,
is p, ornetworks:
equivalently
thethe
average
error alone
l o ) ] ,in (7)
inference of probabilities
layered
Predictions
and
(16)
i=l
generalizations. In IJCNN, 1989.
using (5).
the joint prediction distribution

x(~),

P ( x ' " ) I o ) = ; [ p ( a i I o ) = - e1x p [ - p z e ( z i
2"

I=1

i=l

Using similar arguments to those that led to eq. (3), we can
conclude that an optimal additive generalization score must be
The proportional
conditionalto
distribution (7) can now be inverted to induce a

distribution on the network configuration space, W,given the set
1 T
G(") pairs
-Ex("'),
g(")(x,)
of input-output
using Bayes formula
,=I

-1
T
= ~ l o g n p ( m ' ( X r ) T ~ - I P ( lXo )g p ( m ) ( ~ ) d(17)
~,
f =1

which, by the Gibbs inequality, is always greater than the
entropy of the distribution p

where p") is a nonsingular prior distribution on the
configuration space. 2 - j p ( x ) l o g P ( x ) d x .
That is, the maximal generalization ability is obtained if, and
By writing eq. (8) directly in terms of the error function,
only if, the prediction probability p(") = p, as expected.
E(x'") I a),we arrive at the "Gibbs canonical distribution" on
the ensemble of networks

where the ensemble averaging is approximated by randomly
which we control directly in the training process. The
selecting the initial training points, c&, for each OIm IT-1.

ensemble-variance of the training error is determined from the
error itself through

4. Example: architecture selection for the contiguity
,-a<E> @logn --<(E-<E>)2> <o.
(12)
problemap
a

s2

To demonstrate the utility of the average prediction error

2.3determining
Information
gain and
for
a sufficient
size Entropy
of the training set, as well as
selecting the optimal architecture of the network, we focus on a

The natural measure of the "information gain" during the

simple boolean mapping known as the 'clumps' or contiguity
training process is given in terms of the ensemble entropy,
For binary patterns of 10 bits, 792 of the 1024
defined relative to the prior distribution (Kullback-Leibler
patterns contain 2 or 3 continuous blocks of ones, or 'clumps',
distance[81), as
separated by zeros. The boolean function that separates this set

11-406

giving the familiar (thermodynamic) relation
where

Zoubin Ghahramani
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enough information in the training set to determine the precise value of the weight
vector W. Typically there are non-trivial error bars on the training data. Even when
the training data is absolutely noise-free (e.g. when it is generated by a mathematical
function on a discrete input space (Denker et al., 1987)) the output can still be
uncertain if the network is underdetermined; the uncertainty arises from lack of
data quantity, not quality. In the real world one is faced with both problems: less
than enough data to (over ) determine the network, and less than complete confidence
in the data that does exist.

E ARLY H ISTORY OF BAYESIAN N EURAL N ETWOKS
I John
Denker
and
Yann
LeCun.
Transforming
neural-net
output
We assume
we have
a handy
method
(e.g. back-prop)
for finding
a (local) minimum

W of thetoloss
function E(W). A second-order Taylor expansion should be valid in
levels
probability
distributions. In NIPS 3, 1991.
the vicinity of W. Since the loss function E is an additive function of training data,

and since probabilities are multiplicative, it is not surprising that the likelihood of a
weight configuration is an exponential function of the loss (Tishby, Levin and SoHa,
1989). Therefore the probability can be modelled locally as a multidimensional
gaussian centered at W; to a reasonable (Denker and leCun, 1990) approximation
the probability is proportional to:

(1)
i

where h is the second derivative of the loss (the Hessian), f3 is a scale factor that
determines our overall confidence in the training data, and po expresses any information we have about prior probabilities. The sums run over the dimensions of
parameter space. The width of this gaussian describes the range of networks in the
ensemble that are reasonably consistent with the training data.
Because we have a probability distribution on W, the expression 0 = fw (1) gives
I Wray
L Buntine
andonAndreas
Weigend.
Bayesian
a probability
distribution
outputs 0, S
even
for fixed inputs
I. We find that the

most probable output () corresponds to the most probable parameters W. This

back-propagation.
Complex
Systems,
5(6):603-643,
1991.
unsurprising result indicates
that we are
on the right
track.
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G OLDEN E RA OF BAYESIAN N EURAL N ETWOKS
Communicated by David Haussler

I

David JC MacKay. Neural Computation, 4(3):448-472, 1992:
A Practical Bayesian Framework for Backpropagation
Networks
David J. C. MacKay’

Computation and Neural Systems, California lnstitute of Technology 139-74,
Pasadena, C A 91125 USA

Zoubin Ghahramani

A quantitative and practical Bayesian framework is described for learning of mappings in feedforward networks. The framework makes
possible (1)objective comparisons between solutions using alternative
network architectures, (2) objective stopping rules for network pruning or growing procedures, (3) objective choice of magnitude and type
of weight decay terms or additive regularizers (for penalizing large
weights, etc.), (4) a measure of the effective number of well-determined
parameters in a model, (5) quantified estimates of the error bars on network parameters and on network output, and (6) objective comparisons
with alternative learning and interpolation models such as splines and
radial basis functions. The Bayesian “evidence” automatically embodies ”Occam’s razor,’’ penalizing overflexible and overcomplex models.
The Bayesian approach helps detect poor underlying assumptions in
learning models. For learning models well matched to a problem, a
good correlation between generalization ability and the Bayesian evidence is obtained.
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G OLDEN E RA OF BAYESIAN N EURAL N ETWOKS
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G OLDEN E RA OF BAYESIAN N EURAL N ETWORKS

I

Neal, R.M. Bayesian learning
via stochastic dynamics. In
NIPS 1993.
First Markov Chain Monte
Carlo (MCMC) sampling
algorithm for Bayesian neural
networks. Uses Hamiltonian
Monte Carlo (HMC), a
sophisticated MCMC algorithm
that makes use of gradients to
sample efficiently.

Zoubin Ghahramani
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G OLDEN E RA OF BAYESIAN N EURAL N ETWORKS

I

Neal, R.M. Bayesian learning
for neural networks. PhD
thesis, University of Toronto,
1995. ... thesis also establishes
link between BNNs and
Gaussian processes and
describes ARD (automatic
relevance determination).

Zoubin Ghahramani
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G AUSSIAN PROCESSES
Consider the problem of nonlinear regression: You want to
learn a function f with error bars from data D = {X, y}
y

x

A Gaussian process defines a distribution over functions p(f ) which
can be used for Bayesian regression:
p(f |D) =

p(f )p(D|f )
p(D)

Definition: p(f ) is a Gaussian process if for any finite subset
{x1 , . . . , xn } ⊂ X , the marginal distribution over that subset p(f) is
multivariate Gaussian.
GPs can be used for regression, classification, ranking, dim. reduct...
Zoubin Ghahramani
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A PICTURE : GP S , LINEAR AND LOGISTIC
REGRESSION , AND SVM S
Linear
Regression

Logistic
Regression

Bayesian
Linear
Regression

Kernel
Regression

Bayesian
Logistic
Regression

Kernel
Classification

GP
Classification

GP
Regression

Classification

Kernel
Zoubin Ghahramani
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N EURAL NETWORKS AND G AUSSIAN PROCESSES
y
outputs

Bayesian neural network
Data: D = {(x(n) , y(n) )}Nn=1 = (X, y)
Parameters θ are weights of neural net

weights
hidden
units

prior
posterior
prediction

weights
inputs

x

p(θ|α)
p(θ|α, D) ∝ p(y|X,
R θ)p(θ|α)
p(y0 |D, x0 , α) = p(y0 |x0 , θ)p(θ|D, α) dθ

A neural network with one hidden layer, infinitely
many hidden units and Gaussian priors on the weights
→ a GP (Neal, 1994). He also analysed infinitely deep
networks.

Zoubin Ghahramani
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AUTOMATIC
R ELEVANCE
DRelevance
ETERMINATION
Feature Selection:
Automatic
Determination
Bayesian neural network
Data: D = {(x(n), y (n))}N
n=1 = (X, y)
Parameters (weights): ✓ = {{wij }, {vk }}
prior
posterior
evidence
prediction

p(✓|↵)
p(✓|↵, D) / p(y|X,
✓)p(✓|↵)
R
p(y|X, ↵) = p(y|X,
✓)p(✓|↵) d✓
R
p(y 0|D, x0, ↵) = p(y 0|x0, ✓)p(✓|D, ↵) d✓

Automatic Relevance Determination (ARD):

Let the weights from feature xd have variance ↵d 1:
↵d ! 1
Let’s think about this: ↵d ⌧ 1

variance ! 0
finite variance

p(wdj |↵d) = N (0, ↵d 1)
weights ! 0
weight can vary

(irrelevant)
(relevant)

ˆ = argmax p(y|X, ↵).
ARD: Infer relevances ↵ from data. Often we can optimize ↵
↵

During optimization some ↵d will go to 1, so the model will discover irrelevant
inputs.

Feature and architecture selection, due to MacKay and Neal, now
often associated with GPs.
Zoubin Ghahramani
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VARIATIONAL L EARNING IN BAYESIAN N EURAL
N ETWORKS
I

Geoffrey E Hinton and Drew Van Camp. Keeping the
neural networks simple by minimizing the description
length of the weights. In COLT, pages 5-13. ACM, 1993.
Derives a diagonal Gaussian variational approximation to the
Bayesian network weights but couched in a minimum
description length information theory language.

I

David Barber and Christopher M Bishop. Ensemble
learning in Bayesian neural networks. In Generalization in
Neural Networks and Machine Learning Springer Verlag,
215-238, 1998. Full covariance Gaussian variational
approximation to the Bayesian network weights.

Zoubin Ghahramani

25 / 39

VARIATIONAL L EARNING IN BAYESIAN N EURAL
N ETWORKS

Target of Bayesian inference:
posterior over weights p(θ|D).
MCMC:
a chain that samples θ(t) → θ(t+1) →
θ(t+2) → . . . such that the samples
converge to the distribution p(θ|D).
Variational Bayes:
find approximation q(θ) that is
arg min KL(q(θ)||p(θ|D)).

Zoubin Ghahramani
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A SIDE : S IGMOID B ELIEF N ETWORKS
Artificial Intelligence 56 ( 1992 ) 71-113
Elsevier

I Explicit link between feedforward neural
networks (aka connectionist networks) and
graphical models (aka belief networks).
I Gibbs samples over hidden units.

71

Connectionist learning of belief
networks

I A Bayesian nonparametric version of this model
which samples over number of hidden units,
number of layers, and types of hidden units is
given in (Adams, Wallach, and Ghahramani,
2010)

Radford M. Neal
Department of Computer Science, University of Toronto, 10 King's College Road,
Toronto, Ontario, Canada M5S 1A4
Received January 1991
Revised November 1991

Abstract
Neal, R.M., Connectionist learning of belief networks, Artificial Intelligence 56 (1992)
71-113.

1. Introduction
The work reported here can be seen from two perspectives. From one point
o f v i e w , it d e s c r i b e s a c o n n e c t i o n i s t n e t w o r k w i t h c a p a b i l i t i e s c o m p a r a b l e
to those of the Boltzmann machine, but with better learning performance.
F r o m t h e o t h e r , it s h o w s h o w b e l i e f n e t w o r k s c a n b e l e a r n e d f r o m e m p i r i c a l
d a t a , as a n a l t e r n a t i v e , o r a s u p p l e m e n t , to t h e i r s p e c i f i c a t i o n b y e x p e r t s .

Correspondence to: R.M. Neal, Department of Computer Science, University of Toronto, 10
King's College Road, Toronto, Ontario, Canada M5S 1A4. E-mail: radford@cs.toronto.edu.
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LEARNING THE STRUCTURE OF DEEP SPARSE
GRAPHICAL MODELS
By Ryan P. Adams∗ , Hanna M. Wallach and Zoubin Ghahramani

:1001.0160v2 [stat.ML] 19 Aug 2010

Connectionist learning procedures are presented for "sigmoid" and "noisy-OR" varieties
of probabilistic belief networks. These networks have previously been seen primarily as a
means of representing knowledge derived from experts. Here it is shown that the "Gibbs
sampling" simulation procedure for such networks can support maximum-likelihood
learning from empirical data through local gradient ascent. This learning procedure
resembles that used for "Boltzmann machines", and like it, allows the use of "hidden"
variables to model correlations between visible variables. Due to the directed nature
of the connections in a belief network, however, the "negative phase" of Boltzmann
machine learning is unnecessary. Experimental results show that, as a result, learning in
a sigmoid belief network can be faster than in a Boltzmann machine. These networks
have other advantages over Boltzmann machines in pattern classification and decision
making applications, are naturally applicable to unsupervised learning problems, and
provide a link between work on connectionist learning and work on the representation
of expert knowledge.

University of Toronto, University of Massachusetts
and University of Cambridge
Deep belief networks are a powerful way to model complex probability distributions. However, learning the structure of a belief network, particularly one with hidden units, is diﬃcult. The Indian buffet process has been used as a nonparametric Bayesian prior on the
directed structure of a belief network with a single infinitely wide
hidden layer. In this paper, we introduce the cascading Indian buﬀet
process (CIBP), which provides a nonparametric prior on the structure of a layered, directed belief network that is unbounded in both
depth and width, yet allows tractable inference. We use the CIBP
prior with the nonlinear Gaussian belief network so each unit can
additionally vary its behavior between discrete and continuous representations. We provide Markov chain Monte Carlo algorithms for
inference in these belief networks and explore the structures learned
on several image data sets.

1. Introduction. The belief network or directed probabilistic graphical
model [Pearl, 1988] is a popular and useful way to represent complex probability distributions. Methods for learning the parameters of such networks
are well-established. Learning network structure, however, is more diﬃcult,
particularly when the network includes unobserved hidden units. Then, not
only must the structure (edges) be determined, but the number of hidden
units must also be inferred. This paper contributes a novel nonparametric
Bayesian perspective on the general problem of learning graphical models
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A NOTHER CUBE ...
Factor
Analysis
(& PCA)

Pearson (1901);
Spearman (1904))

Products of
Gaussians,
(MCA & XCA)

Williams and Agakov (2002);
Welling et al (2004)

X

ICA

X

RBM

Herault & Jutten (1986);
Comon (1994)

Hierarchical
Nonlinear FA /
Sigmoid Belief
Nets / Deep GPs
Neal (1992); Hinton & Gh. (1997);
Gh. and Hinton (1998);
Damianou & Lawrence (2013);
Adams, Wallach & Gh. (2010)

Deep
Boltzmann
Machines
Hinton and Sejnowski (1986);
Salakhutdinov and Hinton (2009)

Undirected

Deep / Hierarchical
Nonlinear /Non-Gaussian
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Given the similarities between stochastic gradient algorithms (1)
and LangevinLdynamics
(3), D
itYNAMICS
is natS TOCHASTIC
G RADIENT
ANGEVIN
ural
to
consider
combining
ideas
from
the
two
ap(2)
proaches. This allows eﬃcient use of large datasets
while allowing for parameter uncertainty to be capmeters I tured
in a Bayesian
manner.
straight- via
Max Welling
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When do we need probabilities?
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W HEN IS THE PROBABILISTIC APPROACH
ESSENTIAL ?
Many aspects of learning and intelligence depend crucially on
the careful probabilistic representation of uncertainty:
I Forecasting
I Decision making
I Learning from limited, noisy, and missing data
I Learning complex personalised models
I Data compression
I Automating scientific modelling, discovery, and
experiment design
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C ONCLUSIONS
Probabilistic modelling offers a general framework for
building systems that learn from data
Advantages include better estimates of uncertainty, automatic
ways of learning structure and avoiding overfitting, and a
principled foundation.
Disadvantages include higher computational cost, depending on
the approximate inference algorithm
Bayesian neural networks have a long history and are
undergoing a tremendous wave of revival.
Ghahramani, Z. (2015) Probabilistic machine learning and artificial
intelligence. Nature 521:452–459.
http://www.nature.com/nature/journal/v521/n7553/full/nature14541.html
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A PPENDIX
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M ODEL C OMPARISON
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L EARNING M ODEL S TRUCTURE
How many clusters in the data?
k-means, mixture models
What is the intrinsic data dimensionality ?
PCA, LLE, Isomap, GPLVM
Copyright Cambridge University Press 2003. On-screen viewing permitted. Printing not permitted. http://www.cambridge.org/0521642981
You can buy this book for 30 pounds or $50. See http://www.inference.phy.cam.ac.uk/mackay/itila/ for links.

Is this input relevant to predicting that output?
feature / variable selection
44
What is the order of a dynamical system?
state-space models, ARMA,Supervised
GARCH
Learning in Multilayer
Networks

How many states in a hidden Markov model?
HMM
44.1 Multilayer perceptrons

No course on neural networks could be complete without a discussion of supervised multilayer networks, also known as backpropagation networks.
The multilayer perceptron is a feedforward network. It has input neurons,
hidden neurons and output neurons. The hidden neurons may be arranged
in a sequence of layers. The most common multilayer perceptrons have a
single hidden layer, and are known as ‘two-layer’ networks, the number ‘two’
counting the number of layers of neurons not including the inputs.
Such a feedforward network defines a nonlinear parameterized mapping
from an input x to an output y = y(x; w, A). The output is a continuous
function of the input and of the parameters w; the architecture of the net, i.e.,
the functional form of the mapping, is denoted by A. Feedforward networks
can be ‘trained’ to perform regression and classification tasks.

Outputs

How many units or layers in a neural net?
neural networks, RNNs, ICA

How to learn the structure of a graphical model?
Regression networks
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In the case of a regression problem, the mapping for a network with one hidden
layer may have the form:
! (1)
(1)
(1)
(1)
Hidden layer: a =
w xl + θ ; hj = f (1) (a )
(44.1)

Hiddens

Inputs

A

B

Figure 44.1. A typical two-layer
network, with six inputs, seven
hidden units, and three outputs.
C
Each line represents
one weight.

D
E
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BAYESIAN O CCAM ’ S R AZOR

Compare model classes, e.g. m and m0 , using posterior prob. given D:
Z
p(D|m) p(m)
, p(D|m) = p(D|θ, m) p(θ|m) dθ
p(m|D) =
p(D)
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BAYESIAN O CCAM ’ S R AZOR
Compare model classes, e.g. m and m0 , using posterior prob. given D:
Z
p(D|m) p(m)
p(m|D) =
, p(D|m) = p(D|θ, m) p(θ|m) dθ
p(D)
Interpretations of the Marginal Likelihood (“model evidence”):
I

Probability of the data under the model, averaging over all possible
parameter values.

I

The probability that randomly selected parameters from the prior
would generate D.


1
I log2
p(D|m) is the number of bits of surprise at observing data D
under model m.
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BAYESIAN O CCAM ’ S R AZOR
Compare model classes, e.g. m and m0 , using posterior prob. given D:
Z
p(D|m) p(m)
p(m|D) =
, p(D|m) = p(D|θ, m) p(θ|m) dθ
p(D)
Model classes that are too simple are
unlikely to generate the data set.
P(D|m)

Model classes that are too complex can
generate many possible data sets, so
again, they are unlikely to generate that
particular data set at random.

too simple

"just right"
too complex
D
All possible data sets of size n
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M ODEL C OMPARISON & O CCAM ’ S R AZOR
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For example, for quadratic polynomials (m = 2):
y = a0 + a1 x + a2 x2 + , where  ∼ N (0, σ 2 ) and parameters
θ = (a0 a1 a2 σ)
demo:
Zoubin Ghahramani
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A PPROXIMATION M ETHODS FOR P OSTERIORS AND
M ARGINAL L IKELIHOODS
Observed data D, parameters θ, model class m:
p(D|θ, m)p(θ|m)
p(D|m)
Z
p(D|m) = p(D|θ, m) p(θ|m) dθ

p(θ|D, m) =
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A PPROXIMATION M ETHODS FOR P OSTERIORS AND
M ARGINAL L IKELIHOODS
Observed data D, parameters θ, model class m:
p(D|θ, m)p(θ|m)
p(D|m)
Z
p(D|m) = p(D|θ, m) p(θ|m) dθ

p(θ|D, m) =

I
I
I
I
I
I
I
I

Laplace approximation
Bayesian Information Criterion (BIC)
Variational approximations
Expectation Propagation (EP)
Markov chain Monte Carlo methods (MCMC)
Sequential Monte Carlo (SMC)
Exact Sampling
...
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