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Abstract
Latent variable models have achieved wide-ranging success in generative modeling
of images, speech, and video. Recent work has developed specialized objectives for
fitting sequential latent variable models [1, 2, 3], but these methods are based on
filtering sequential Monte Carlo (SMC), which can prevent them from successfully
modeling data with long-term dependencies. In this work, we introduce twisted
variational sequential Monte Carlo (TVSMC), a family of variational objectives that
use learned tilting functions to approximate smoothing SMC without direct access
to the smoothing distributions. We demonstrate that models trained with TVSMC
can outperform models trained with VSMC, and theoretically, the TVSMC bound
can become tight.
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Introduction

Latent variable models are an expressive class of generative model which have been successfully used
to model natural images [4, 5], video [6, 7], and speech [8, 9]. In this work, we focus on learning
parametric sequential latent variable models of the form
p(x1:T , z1:T ) = p(z1 )p(x1 |z1 )

T
Y

p(zt |x1:t−1 , z1:t−1 )p(xt |x1:t−1 , z1:t ),

t=2

where x1:T is a sequence of observations and z1:T is a sequence of continuous latent variables.
Ideally, we would fit these models by maximizing the log marginal likelihood log p(x1:T ), but this
requires an intractable marginalization over the latent variables. Instead, we maximize a lower bound
constructed from an unbiased estimator of the marginal likelihood, Ẑ(x1:T ),
h
i
h
i
log p(x1:T ) = log E Ẑ(x1:T ) ≥ E log Ẑ(x1:T ) ,
(1)
which follows from Jensen’s inequality. The ELBO is the classic choice for this lower bound where
Ẑ(x1:T ) is defined by a single importance weight [10, 11, 12]. The authors of [1] showed that the
variance of the estimator is closely related to the tightness of its corresponding bound, so developing
bounds based on lower-variance estimators can yield better objectives. Recent work has developed
variational objectives based on multiple importance sampling [13] and filtering SMC [1, 2, 3].
SMC is a general procedure that takes as input unnormalized “target" distributions {γ(z1:t )}Tt=1
and a set of proposal distributions {q(zt |z1:t )}Tt=1 . As long as γ(z1:T ) = pθ (x1:T , z1:T ), then SMC
returns an unbiased marginal likelihood estimator (under mild conditions). SMC’s key benefit is its
resampling operation, where particle locations are sampled from an approximation to the normalized
target distributions. When the normalized targets are close to the posterior, resampling can reduce
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variance. If the distributions are mismatched, however, then trajectories likely under the posterior but
unlikely under the target distributions may be discarded, potentially increasing variance.
In filtering SMC, the unnormalized targets are the unnormalized filtering distributions, p(z1:t , x1:t ),
so resampling reduces variance when the filtering distributions are close to the posterior p(z1:t |x1:T ).
As a result, if z1:t is not conditionally independent of xt+1:T given x1:t , then a bound based on
filtering SMC can never be tight [1]. Unfortunately, in many popular models this independence
structure does not hold, such as bidirectional or hierarchical latent variable models (e.g. [14, 15]).
Choosing γ(z1:t ) = p(x1:T , z1:t ) would resolve this issue, but computing p(x1:T , z1:t ) is intractable.
To overcome this, we use learned tilting functions to approximate these smoothing distributions. We
call our approach twisted variational sequential Monte Carlo (TVSMC). This allows our bound to
become tight (theoretically) at the cost of solving a more difficult optimization problem. We propose
several techniques to optimize this objective, and show that TVSMC outperforms VSMC on a toy
problem. Finally, we conduct preliminary experiments with complex nonlinear models, which reveal
remaining challenges in optimizing the tilting functions.

2

Learning the Smoothing Distributions

The goal of TVSMC is to optimize the variational objective (eq. (1)) constructed from the marginal
likelihood estimator of a smoothing SMC algorithm. The key issue is that the unnormalized smoothing
distributions p(x1:T , z1:t ) are required for smoothing SMC, but are generally intractable. We do
have access to p(x1:t , z1:t ), however, so our approach is to learn a parametric tilting function
r(xt+1:T |x1:t , z1:t ) such that p(x1:t , z1:t )r(xt+1:T |x1:t , z1:t ) ≈ p(x1:T , z1:t ). Running SMC with
these γ will approximate smoothing SMC when r(xt+1:T |x1:t , z1:t ) is close to the “lookahead"
distributions, p(xt+1:T |x1:t , z1:t ).
b1:T (x1:T ) be the normalizing constant estimate returned from running SMC with unnormalized
Let Z
targets γ(z1:t ) = p(x1:t , z1:t )r(xt+1:T |x1:t , z1:t ), proposal distributions q(zt |z1:t−1 , x1:T ), and K
particles. We define the TVSMC objective as
h
i
b
LTVSMC
(p,
q,
r,
x
)
=
E
log
Z
(x
)
.
(2)
1:T
T
1:T
K
LTVSMC
(p, q, r, x1:T ) is a lower bound on log p(x1:T ), and when r(xt+1:T |x1:t , z1:t )
K
p(xt+1:T |x1:t , z1:t ) and q(zt |z1:t−1 , x1:T ) = p(zt |z1:t−1 , x1:T ), the bound is tight.
2.1

=

Optimizing the Unified Objective

One way to optimize eq. (2) is stochastic gradient ascent jointly in the parameters of p, q, and r.
This algorithm is conceptually similar to VSMC –– the only difference is the change to the target
distributions caused by introducing r.
The VSMC papers omit gradients from the discrete resampling operations due to high variance, but
our experiments below show that incorporating resampling gradient information is crucial for learning
the parameters of r. One option is to use the score function estimator of the gradient of eq. (2) and to
attempt to reduce its variance with control variates. We call this method TVSMC-rgrad, for details
see the Appendix. Unfortunately, this approach scales poorly to large problems, so it mostly serves as
a baseline.
An alternative is to use the Gumbel-Softmax relaxed gradient estimator [16, 17]. We call this method
TVSMC-relaxed, for more details see the Appendix. This approach can potentially scale to large
problems with complex models.
2.2

Temporal Difference Learning

Guarniero et al. [18] and Heng et al. [19] introduced an alternative approach for learning r: use
temporal difference (TD) learning to fit an approximation of a distribution related to the lookahead
distributions, and then obtain r from that approximation when needed. The TD learning approach
is motivated by a recursive decomposition of p(xt:T |x1:t−1 , z1:t ) in terms of the same distribution
shifted one step forward in time,
p(xt:T |x1:t−1 , z1:t ) = p(xt |x1:t−1 , z1:t )Ezt+1 ∼p(zt+1 |x1:t ,z1:t ) [p(xt+1:T |x1:t , z1:t+1 )] .
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Figure 1: Left, Middle: Training curves for the Gaussian diffusion task. The vertical axis is the bound
gap in nats, i.e. the true likelihood of the data under the model minus the lower bound value. Right:
Test-set lower bounds for VRNNs fit to various datasets. The bounds for the TIMIT dataset are in
nats per sequence, all other bounds are nats per timestep. For each method the bound that was used
for training is reported. VSMC numbers are from [1].

All terms except distributions of the form p(xt:T |x1:t−1 , z1:t ) are directly available from the model
−1
definition. Let {r̃t (x1:T , z1:t )}Tt=1
be a sequence of learnable positive functions which we will
−1
use to approximate the unknown distributions {p(xt:T |x1:t−1 , z1:t )}Tt=1
. Substituting r̃t (x1:T , z1:t )
for p(xt:T |x1:t−1 , z1:t ) and taking the log of both sides of (3) gives a series of Bellman equations,
allowing us to fit r̃t by minimizing the squared Bellman error. We solve this optimization problem
by stochastic gradient descent (SGD), interleaving SGD steps for p and q with updates to r̃. When
needed, r can be obtained by integrating r̃ against the transition density of the model. We call this
method TVSMC-td, for details see the Appendix.
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Experiments

To evaluate the different approaches for learning the parameters of r, we constructed a linear 1-D
Gaussian diffusion task
where we expected learning
Q
 r would be essential. The model p(x, z1:T )
T
factors as N (z1 ; 0, 1)
N
(z
;
z
+
b
,
1)
N (x; zT + bT , 1) where x is observed, z1:T
t t−1
t−1
t=2
are latent, and b1:T are parameters in the model. We expected VSMC to perform poorly because the
filtering distributions p(zt |zt−1 ) contain no information about x, suggesting that resampling should
only degrade the samples. For these, experiments our variational family and lookahead distributions
were parameterized by learned linear functions, which includes the true posterior and lookahead
distribution. For experimental details see the Appendix.
Figures 1a and 1b show the results of using the proposed methods to perform inference and learning
in this model. Figure 1a suggests that it is possible to learn r effectively, but that without resampling
gradients, training quickly diverges. Figure 1b shows it is possible to jointly learn p, q, and r, and
that of the TVSMC methods, TVSMC-td converges the fastest.
We also evaluated TVSMC’s ability to train complex nonlinear models by using it to fit variational
recurrent neural networks (VRNNs) [8] on four piano sheet-music datasets [20] and the TIMIT speech
dataset [21] (Figure 1c; see Appendix for details). We evaluated only TVSMC-td in this setting
because it was the most promising method in the simple experiments. Although in principle TVSMC
should improve upon VSMC, in this case, TVSMC underperforms VSMC. Because VSMC can be
understood as a specialization of TVSMC where r = 1, this result indicates issues with optimizing r.

4

Conclusion

We introduced Twisted Variational Sequential Monte Carlo, a flexible family of variational objectives
for learning in sequential latent variable models. We explored several ways to optimize this objective,
and provided empirical evidence in favor of TVSMC-td. In future work we will investigate better
optimization procedures for r and apply TVSMC to new models.
3
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Appendix

5.1
5.1.1

Experimental Details
1-D Gaussian Diffusion

For these experiments we defined our variational family as qt (zt |zt−1 , x) = N (zt ; ft (zt−1 , x), σt2 )
where {ft }Tt=1 are learnable linear functions and {σt2 }Tt=1 are learnable constants. Similarly, r
is parameterized as r(x|zt ) = N (x; gt (zt ), τt2 ) where {gt }Tt=1 are learnable linear functions and
{τt2 }Tt=1 are learnable constants. Note that this variational family includes the true posterior over
zt , and the parametric family for r includes the true marginal distribution p(x|zt ). The data were
sampled from the model, and T was set to 10. The b1:T in the data generating process were set by
sampling them from the interval [0, 1]. Optimization was performed with ADAM [22] with learning
rate 0.0001.
5.1.2

Pianorolls and TIMIT

The models in these experiments had one observation for each latent variable, unlike the simple
Gaussian diffusion task which had only one observation. Because of this, a naive implementation of
the lookahead distribution r(xt+1:T |z1:t , x1:t ) would score all future observations at every timestep,
leading to an O(T 2 ) complexity for evaluating the bound.
To avoid this in the TVSMC-td method, we allow log r̃ to be a quadratic function of zt , where the
coefficients are produced by parametric functions (deep neural networks) of z1:t−1 and x1:T . When
the coefficient-producing functions are recurrent neural networks (RNNs) that take as input z1:t−1
and x1:T , the state at a given timestep can be reused to compute the coefficients at the next timestep.
This allows for evaluating the bound in O(T ) time.
For the pianoroll experiments we trained single-layer variational recurrent neural networks (VRNNs)
with factorial Gaussian latent states and Bernoulli emission distributions. For the Nottingham,
MuseData, and Piano-midi.de datasets we used a latent state of size 64, and for JSB we used a latent
state of size 32. The variational posterior was defined by a neural networks of two layers of the
same size as the latent state. r̃ was defined by a two-layer neural network that accepted as input
a bidirectional RNN state run over the inputs x1:T and the current state of the VRNN (which is a
function of z1:t ). The bidirectional RNN was one layer of the same size as the latent state.
Optimization was performed with ADAM, and a learning rate was selected based on validation
performance from a grid search over {1 × 10−5 , 3 × 10−5 , 1 × 10−4 , 3 × 10−4 , 1 × 10−3 }.
For TIMIT the experimental setup was similar, except the emission distributions were Gaussian,
a latent state of size 256 was used, and the variational posterior and lookahead distribution neural
networks were correspondingly larger. Our experimental setup was based on the code released by the
authors of [1], available at github.com/tensorflow/models/tree/master/research/fivo. The code uses
the TensorFlow framework [23].
5.2

Gradient

Let p, q, and r be parameterized differentiably by θ, let q be from a reparameterizable family, and
let all latents ztk in algorithm 1 be reparameterized. Also assume a fixed set of timesteps on which
resampling events occur, R ⊆ {1, . . . , T }. Then eq. (2) has the gradient
"
#
K
X
X
k
a
bT (x1:T ) +
bT (x1:T ) − log Z
bt (x1:T )
E ∇θ log Z
log Z
∇θ log wt t .
(4)
t∈R

k=1
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Algorithm 1 Sequential Monte Carlo
Algorithm 2 Multinomial Resampling
T
1:K
1: procedure SMC({γ(z1:t ), q(zt |z1:t−1 )}t=1 , K) 1: procedure RESAMPLE(z1:t
, wt1:K )
1:K
b
2:
for
k
=
1,
.
.
.
,
K
do
2:
w0 = 1, Z0 = 1
3:
akt ∼ Categorial(w1:K
)
3:
for t = 1, . . . , T do
t
ak
k
t
4:
for k = 1, . . . , K do
4:
z̃1:t = z1:t
k
5:
ztk ∼ qt (zt |z1:t−1
)
5:
end for
k
k
1:K
6:
z1:t
= (z1:t−1
, ztk )
6:
return z̃1:t
k
k
k
7: end procedure
7:
αtk = γ(z1:t
)/(γ(z1:t−1
)q(ztk |z1:t−1
))
k
k
k
8:
wt = wt−1 αt
Algorithm 3 Relaxed Resampling
9:
end for
P
 P
1:K
K
K
k
k
1: procedure RESAMPLE(z1:t
, wt1:K , τ )
10:
Z\
t /Zt−1 =
k=1 wt /
k=1 wt−1
2:
for k = 1, . . . , K do
11:
Zbt = Zbt−1 (Z\
3:
akt ∼ Concrete(w1:K
, τ)
t /Zt−1 )
t
PK
j
12:
if should resample then
k
k
4:
z̃
=
(a
)
z
j
1:t
1:t
j=1 t
1:K
1:K
13:
z1:t
= RESAMPLE(z1:t
, wt1:K )
5:
end for
14:
wt1:K = 1
1:K
6:
return z̃1:t
15:
end if
7: end procedure
16:
end for
b1:T , z 1:K
17:
return Z
1:T
18: end procedure

as derived in [1].
5.3

Relaxed Resampling

When estimating eq. (4) with relaxed resampling, the Categorical distribution in the resampling step
of SMC is replaced with a Concrete distribution on the (K − 1)-dimensional simplex. Samples
from the Concrete distribution are K-vectors instead of discrete ancestor indices, so to define “soft"
inheritance we set the inherited state to be the convex combination of the parent states defined by the
sampled vector. At evaluation we sample discrete indices. When using relaxed resampling gradients
the score-function gradients in equation (4) are not computed.
5.4

TD Learning

To re-iterate what was stated in the main text, the TD learning approach is motivated by a recursive
decomposition of p(xt:T |x1:t−1 , z1:t ) in terms of the same distribution shifted one step forward in
time,
p(xt:T |x1:t−1 , z1:t ) = p(xt |x1:t−1 , z1:t )Ezt+1 ∼p(zt+1 |x1:t ,z1:t ) [p(xt+1:T |x1:t , z1:t+1 )] .

(5)

All terms except distributions of the form p(xt:T |x1:t−1 , z1:t ) are directly available from the model
−1
definition. Let {r̃t (x1:T , z1:t )}Tt=1
be a sequence of learnable positive functions which we will use
−1
to approximate the unknown distributions {p(xt:T |x1:t−1 , z1:t )}Tt=1
. Substituting r̃t (x1:T , z1:t ) for
p(xt:T |x1:t−1 , z1:t ) and taking the log of both sides of (5) gives Bellman equations for t = 1, . . . T −1,
log r̃t (x1:T , z1:t ) = log p(xt |x1:t−1 , z1:t ) + log Ezt+1 ∼p(zt+1 |x1:t ,z1:t ) [r̃t+1 (x1:T , z1:t+1 )]

(6)

with r̃T (x1:T , z1:T ) = p(xT |x1:T −1 , z1:T ) as it is available from the model. The authors of [19] and
[18] propose fitting r̃t by minimizing the squared Bellman error of (6), i.e. the left hand side minus
the right hand side squared.
Computing the Bellman error of (6) requires computing the expectation of r̃t with respect to the
transition density of the model. We can compute this integral analytically when log r̃(x1:T , z1:t ) and
log p(zt |x1:t−1 , z1:t−1 ) are quadratic in zt .
We obtain rt from r̃t by computing the same expectation. This is motivated by the decomposition
p(xt:T |x1:t−1 , z1:t−1 ) = Ezt ∼p(zt |x1:t−1 ,z1:t−1 ) [p(xt:T |x1:t−1 , z1:t )]
6

(7)

which states that when r̃t satisfies the Bellman equations and equals p(xt:T |x1:t−1 , z1:t ), the lookahead distributions p(xt:T |x1:t−1 , z1:t−1 ) can be obtained by integrating r̃t against the transition
density of the model. For further details see [19, 18].
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